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Electronic states and transport phenomena in semiconductor quantum dots are studied theo-
retically. Taking account of the electron-electron Coulomb interaction by the exact diagonalization
method, the ground state and low-lying excited states are calculated as functions of magnetic field.
Using the obtained many-body states, we discuss the temperature dependence of the conductance
peaks in the Coulomb oscillation. In the Coulomb blockade region, elastic and inelastic cotunneling
currents are evaluated under finite bias voltages. The cotunneling conductance is markedly en-
hanced by the Kondo effect. In coupled quantum dots, molecular orbitals and electronic correlation
influence the transport properties.
Keywords: quantum dot, Coulomb blockade, Coulomb oscillation, artificial atom, electronic cor-
relation, exact diagonalization, cotunneling, Kondo effect
I. INTRODUCTION
In disk-shaped quantum dots fabricated on semiconductors, discrete energy levels show an atomic-like shell
structure.1 These energy levels are filled consecutively with increasing the number of electrons, as shown in the
periodic table of atoms. By coupling quantum dots, molecular orbitals between the dots have been observed.2,3 In
these artificial atoms and molecules, we can control several parameters, e.g., number of electrons, strength of Coulomb
interaction, coupling to external leads, using gate and bias voltages, applying magnetic fields and so forth, and even
realize situations which are not possible in conventional solid-state systems. The fundamental study of these systems
is exploring new and rich physics.
In this paper we review our theoretical work on electronic states in quantum dots and discuss various transport
phenomena. We examine many-body states for a few electrons confined in the dots. In “vertical” quantum dots, the
strength of the electron-electron Coulomb interaction is comparable to the discrete level spacing.1 To calculate the
electronic states, we adopt the exact diagonalization method which is the best way to take account of the Coulomb
interaction.4–10 When a magnetic field H is applied perpendicularly to the dots, the wavefunctions are shrunk and
hence the interaction becomes more effective. As a result, the ground state changes to a strongly correlated state
at some values of H . The transitions of the ground state have been observed experimentally, in agreement with our
calculations.11
The electronic states in the dots influence the transport properties. The conductance peaks of the Coulomb
oscillation are examined using the obtained many-body states. The peak height exhibits an unusual temperature
dependence when more than one level contributes to the current. Some peaks are suppressed by the “spin blockade,”7
in which the transition between the ground states of N and N + 1 electrons is forbidden by the spin selection rule.12
In the Coulomb blockade regions, quantum-mechanical higher-order processes play an important role in the trans-
port. They are called “cotunneling” and cause serious current leakage when the quantum dots are applied to single
electron devices. There are two kinds of cotunneling processes, elastic and inelastic processes.13 At low bias voltages,
only the elastic process is possible. When the bias voltage exceeds the excitation energy in a quantum dot, both the
elastic and inelastic processes contribute to the current.14,15 When a localized spin exists in a dot, the Kondo effect
markedly enhances the cotunneling current. The Kondo effect in quantum dots is being studied experimentally.16–20
In coupled quantum dots, molecular orbitals are formed when the dot-dot tunnel coupling is sufficiently strong.21
These systems have attracted recent interest with respect to their application to quantum computing.22,23 We examine
the transport properties of the dots connected in series, which reflect both the molecular orbitals and electron-electron
interaction.24
The organization of this paper is as follows. In the next section (§2), the electronic states confined in a quantum dot
are examined. Not only the ground state but also low-lying excited states are calculated. Sections 3 and 4 are devoted
to an explanation of the transport properties: the conductance peaks of the Coulomb oscillation and cotunneling
phenomena in the Coulomb blockade region. In §5, we discuss the electronic states and transport properties in
coupled quantum dots. The conclusions are given in the last section (§6).
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II. ELECTRONIC STATES IN QUANTUM DOTS
We consider N electrons confined in a quantum dot of disk shape, which is well described by a two-dimensional
harmonic potential.1 The electrons interact with each other by the Coulomb interaction. A magnetic field H is applied
perpendicularly to the potential plane. The Hamiltonian reads
H = H1 +H2, (2.1)
H1 =
N∑
i=1
[
1
2m∗
(
pi +
e
c
A(ri)
)2
+
1
2
m∗ω20r
2
i
]
,
H2 =
∑
i<j
e2
ε|ri − rj | ,
where m∗ is the effective mass of electrons and ε is the dielectric constant (m∗ = 0.067m, ε ≈ 13 in GaAs). A(r) is
the vector potential. The Zeeman effect is neglected.
The one-electron part of the Hamiltonian, H1, is first diagonalized to obtain one-electron energy levels. In the
absence of a magnetic field, the energy levels form shells. The jth shell consists of j degenerate levels, or 2j states if
the electron spins are counted. The level spacing is h¯ω0, which is ≈ 5 meV in the experiments.1,11 Under magnetic
fields, the one-electron levels are expressed as
εn,m = h¯Ω(H)(2n+ |m|+ 1)− 1
2
h¯ωcm, (2.2)
with
Ω(H) =
√
ω20 + ω
2
c/4, (2.3)
where n (= 0, 1, 2, · · ·) and m (= 0,±1,±2, · · ·) are radial and angular momentum quantum numbers, respectively.
ωc = eH/m
∗c is the cyclotron frequency. The magnetic field dependence of the levels is shown in Fig. 1.
The strength of the Coulomb interaction, e2/εl0, where l0 =
√
h¯/m∗ω0 is the dot size, is comparable to the
level spacing.1,11 The electron-electron interaction is taken into account by the exact diagonalization method.9 The
Hamiltonian, H, is diagonalized in a restricted space of configurations for the occupation of one-electron levels.25 As a
result, the electronic states are represented by linear combinations of many configurations (Slater determinants). By
this method, the correlation effect is considered beyond the mean field approximation in which electronic states are
described by a single Slater determinant in the presence of the Hartree and exchange terms. We obtain the ground
state, ΨN,1, with energy EN,1, and low-lying excited states, ΨN,i, with EN,i (i = 2, 3, · · ·). The addition energies
which are needed to place the Nth electron on the dot are given by
µN,i = EN,i − EN−1,1, (2.4)
where µN,1 corresponds to Egate = ηeVgate at the Nth peak of the linear conductance, Vgate is the gate voltage
attached to the dot, and η is a ratio of the gate capacitance Cgate to the total capacitance Ctotal. µN,i (i ≥ 2) can
also be investigated experimentally by looking at the differential conductance under finite bias voltages.11
Figure 2(a) shows peak positions of the Coulomb oscillation (addition energies, µN,1), as functions of magnetic
field. When the magnetic field is not too high, the ground state can be approximated by a single configuration: the
one-electron levels shown in Fig. 1 are filled consecutively. The magnetic field dependence of µN,1 is qualitatively
understood by that of the one-electron level occupied by the Nth electron. The behavior of µ1,1 and µ2,1 [µ3,1 and
µ4,1] is very similar to that of level (n,m) = (0, 0) [(0, 1)] in Fig. 1. The magnetic field dependence of µ5,1 and µ6,1
indicates that the fifth and sixth electrons occupy the level (0,−1) at ωc/ω0 < 0.6 and (0, 2) at ωc/ω0 > 0.6.
Small cusps of µ4,1, µ5,1 (µ6,1, µ7,1) around ωc/ω0 = 0.1 (0.6) are due to the spin-triplet state for N = 4 (6) shown
in Fig. 2(b). The exchange interaction causes high spin states in the vicinity of the level crossings, between (0, 1) and
(0,−1) at ωc = 0, and between (0,−1) and (0, 2) at ωc/ω0 = 1/
√
2. This is the well-known Hund’s rule of atoms,
which has been confirmed experimentally.1,26
With increasing magnetic field, the level spacings become smaller (see Fig. 1) whereas the Coulomb interaction
(∼ e2/εl(H)) is more effective since the wavefunctions are shrunk as the magnetic length l(H) =
√
h¯/m∗Ω(H).9 At
a critical value of the magnetic field, some electrons start to occupy higher energy levels to reduce the interaction
energy, which results in a transition of the ground state. Such correlation-induced transitions are observed when
ωc/ω0 > 1.5.
2
Figure 3 shows the addition energies, µN,1, by solid lines and µN,i (i ≥ 2) by broken lines, to a higher magnetic
field than in Fig. 2. The transition of the ground state occurs when a broken line crosses a solid line. For each ground
state, the electronic configuration of the largest amplitude is shown in the figure. In the ground state of N = 2, two
electrons occupy level (n,m) = (0, 0) at low magnetic fields. An electron starts to occupy level (0, 1) at ωc/ω0 = 1.54,
with parallel spin to the other electron remaining at level (0, 0). As a result, the ground state changes from a spin
singlet (S = 0) to triplet (S = 1).27 For larger N , similar transitions of the ground state occur, one after another,
with increasing magnetic field. These transitions were observed experimentally.11 The magnetic field dependence of
low-lying excited states as well as the ground state, shown in Fig. 3, is in quantitatively good agreement with the
experimental results.11
In a region of the highest magnetic field in Fig. 3, N electrons are completely spin-polarized (total spin S = N/2)
and occupy the lowest N levels. This state is called the maximum density droplet (MDD). The properties of the
MDD and electronic states under higher magnetic field have been studied experimentally28 and theoretically.10,29
III. TRANSPORT PROPERTIES (1) COULOMB OSCILLATION
We investigate the transport properties using the obtained many-body states in the previous section. The coupling
between a dot and two external leads is expressed by the tunneling Hamiltonian7,30,31
HT =
∑
α=L/R
∑
k,l,σ
(
Vα,ld
†
l,σcα,k,σ + h.c.
)
, (3.1)
where d†l,σ and dl,σ (c
†
α,k,σ and cα,k,σ) are the creation and annihilation operators of state l in the dot (state k in lead
α) with spin σ, respectively.
In this section, the conductance through a quantum dot is calculated to the lowest order of the tunneling
Hamiltonian.32 The transition probability between states ΨN,i and ΨN+1,j, with an electron tunneling through the
left/right barrier, is given by
Γ
L/R
N+1,j;N,i =
2pi
h¯
DL/R
∣∣∣∣∣∣
∑
l,σ
VL/R,l〈ΨN+1,j |d†l,σ|ΨN,i〉
∣∣∣∣∣∣
2
, (3.2)
where Dα is the density of states in lead α. The linear conductance is written as
G =
e2
kBT
∑
N
∑
i,j
ΓLN+1,j;N,iΓ
R
N+1,j;N,i
ΓLN+1,j;N,i + Γ
R
N+1,j;N,i
PN,i
×f(EN+1,j − EN,i − Egate − EF), (3.3)
where PN,i is the grand-canonical distribution function, exp[−(EN,i − N(Egate + EF))/kBT ]/Ξ, with the partition
function Ξ =
∑
N,i
exp[−(EN,i −N(Egate + EF))/kBT ], and f is the Fermi distribution function.30
The peaks of the Coulomb oscillation usually become lower and broader with an increase in temperature T . This
is due to the thermal broadening of the electronic distribution around the Fermi level in the leads. In experimental
results,33 however, the heights of the third, fifth, 10th and 17th peaks increase with temperature, in the absence of
magnetic field. We propose possible mechanisms for this anomalous T dependence of the peak heights, considering
small anisotropy and anharmonicity of the quantum dot,
H′D/h¯ω0 = λ1(x2 − y2)/l20 + λ2(r/l0)4. (3.4)
They cause “fine structures” in the shells of energy levels. The peak positions, discussed above, are little affected by
these fine structures when λ1 and λ2 are sufficiently small.
12
To explain the T dependence of the third and fifth peaks, we make two assumptions. (i) A small anisotropy of the
dot (λ1 = 0.0125) splits two degenerate levels in the second shell by ∆ε (≈ 1.2 K). (ii) The transmission amplitude,
VL/R,l in eq. (3.1), for the lower level in the second shell is one-quarter of that for the upper level. In Fig. 4(a), we
present the first to sixth peaks of the linear conductance through a quantum dot as a function of gate voltage. The
third and fifth peaks are smaller in height at T = 0.005h¯ω0/kB (≈ 0.3 K, dotted lines) than at T = 0.02h¯ω0/kB (≈ 1
K, solid lines).
3
The reason for this is as follows. When kBT ≪ ∆ε, the third electron is almost always transported through the
lower level in the second shell, which has a smaller transmission probability to the leads than the upper level. With
increasing temperature, the upper level contributes more to the third peak, and consequently the third peak becomes
larger. The situation is the same for the fifth peak.12
When wavefunctions ΨN,i are written by a single Slater determinant, we can derive the analytical expression for
the conductance. When a current flows through a single level in the dot (l), the conductance is given by
G =
e2
4kBT
γ˜l
cosh2(δ/2kBT )
, (3.5)
with
γ˜l =
γLl γ
R
l
γLl + γ
R
l
, (3.6)
where γ
L/R
l = (2pi/h¯)D
L/R|VL/R,l|2 and δ = Egate − µN,1.30 In the case of the third peak, two levels (n,m) = (0,±1)
take part in the current. The conductance is expressed by
G =
e2
kBT
2
1 + 2eδ/kBT + 2e(δ−∆ε)/kBT
×
(
γ˜(0,1)
1 + e−δ/kBT
+
γ˜(0,−1)
1 + e−(δ−∆ε)/kBT
)
. (3.7)
Here, the spin degeneracy of each level has been counted.34 The T dependence of the conductance is characterized by
two parameters, ∆ε/kBT and γ˜(0,−1)/γ˜(0,1).
A possible mechanism for the T dependence of the 10th peak (also the 17th peak) is the “spin blockade.”7,31 Figure
4(b) shows the 7th to 12th peaks of the linear conductance. A small anharmonicity is assumed (λ2 = 0.025).
12 The
10th peak shows the anomalous T dependence for the following reason. The ground state for N = 9 has the total spin
of S = 3/2 whereas the ground state for N = 10 has S = 0. The 10th peak is very small at low temperatures (dotted
line) since the addition of the 10th electron on the dot is forbidden by the spin selection rule. With an increase in
temperature, electrons are transported more smoothly through transition-allowed excited states, and as a result, the
height of the peak grows (solid line).
IV. TRANSPORT PROPERTIES (2) COTUNNELING PROCESSES
In the Coulomb blockade region, the current is suppressed exponentially with decreasing temperature, as shown in
eqs. (3.5) and (3.7). In this region, however, the higher-order tunneling processes make a significant contribution to
the transport of electrons. These processes involve the simultaneous tunneling of more than one electron and is thus
called cotunneling.13 There are two kinds of cotunneling processes, elastic and inelastic processes. The latter process
is accompanied by a change of the dot state whereas the former process is not.
To illustrate the cotunneling processes, let us consider a simplified situation: one electron occupies one of two energy
levels, E1 or E2, in a quantum dot (Fig. 5(a)). The energy difference between the levels is denoted by ∆ = E2 − E1.
The bias voltage V is applied between two leads, eV = µL − µR, where µα is the Fermi level in lead α. The electron
spin is neglected. In the Coulomb blockade region for one electron in the dot, kBT, h¯γi, eV ≪ −Ei, Ei + U , where U
is the charging energy. The transition probability from the dot state i to j with an electron tunneling from lead α to
β is
Γα→βi→j =
2pi
h¯
∑
k,k′
∣∣∣Tα→βi→j
∣∣∣2 δ(εα,k + Ei − εβ,k′ − Ej)
×f(εα,k − µα) [1− f(εβ,k′ − µβ)]
=
2pi
h¯
∣∣∣Tα→βi→j
∣∣∣2DαDβF (Ei − Ej + µα − µβ), (4.1)
where
F (ε) =
ε
1− e−ε/kBT .
4
Tα→βi→j is the component of the T-matrix
Tα→β1→1 ≈ −
V ∗β,2Vα,2
E2 + U
− V
∗
β,1Vα,1
E1
(4.2)
Tα→β1→2 ≈ −V ∗β,1Vα,2
(
1
E2 + U
− 1
E1
)
, (4.3)
etc., to the second order of HT.14,15 The processes of i = j are elastic whereas the processes of i 6= j are inelastic.
In the latter, the conduction electron loses or gains an energy of ∆. Two terms on the right side of eqs. (4.2) and
(4.3) stem from two virtual states in which the dot is doubly occupied or unoccupied. It should be noted that the
interference between the two virtual processes always enhances the inelastic cotunneling whereas the interference
suppresses (enhances) the elastic cotunneling when V ∗R,1VL,1 and V
∗
R,2VL,2 are in phase (out of phase).
15
The cotunneling current is expressed as
I = e
∑
i,j=1,2
ρi
(
ΓL→Ri→j − ΓR→Li→j
)
, (4.4)
where ρi is the probability of dot state i (ρ1 + ρ2 = 1). They are determined by the stationary condition
35
d
dt
ρ1 = −ρ1
∑
α,β=L,R
Γα→β1→2 + ρ2
∑
α,β=L,R
Γα→β2→1 = 0. (4.5)
Figure 5(b) shows the calculated results of dI/dV as a function of V . At kBT ≪ ∆, the dI/dV curve appears to
be a step function. When |eV | < ∆, only the elastic process is possible because the conduction electron cannot
lose the energy ∆ (the dot state is almost always 1 at kBT ≪ ∆). When |eV | > ∆, both the elastic and inelastic
processes contribute to the current, which increases the conductance.36 The onset of the inelastic process is smeared
with increasing T . These properties of the cotunneling conductance have been observed experimentally.37
Next, let us consider the spin of electrons but disregard the upper level E2. Some cotunneling processes give rise to
spin-flips in the dot, e.g., immediately after an up-spin electron in the dot goes to lead β, a down-spin electron enters
the dot from lead α. The spin-flip processes can be expressed, to the second order of HT, by the effective Hamiltonian
Heff =
∑
α,β=L/R
∑
k,k′
Jβα
[
Sˆ−c
†
βk′↑cαk↓ + Sˆ+c
†
βk′↓cαk↑
+Sˆz(c
†
βk′↑cαk↑ − c†βk′↓cαk↓),
]
(4.6)
with
Jβα = V
∗
β,1Vα,1
(
1
E1 + U
− 1
E1
)
, (4.7)
where Sˆ is the spin operator for the dot state; Sˆ− = d
†
1,↓d1,↑, Sˆ+ = d
†
1,↑d1,↓, Sˆz = (d
†
1,↑d1,↑ − d†1,↓d1,↓)/2. This
is the Kondo Hamiltonian which was originally used to describe the exchange coupling between a spin of magnetic
impurities and conduction electrons in the host metal.38,39 The Kondo effect in quantum dots has been observed
experimentally.16–20 When the number of electrons in a dot is odd, the localized spin S = 1/2 in the dot is coupled to
the Fermi sea in the leads, which results in the formation of the Kondo resonance at the Fermi level. The cotunneling
conductance is markedly enhanced through this resonant level to a value of 2e2/h, at low temperatures of T ≪ TK.
TK is the Kondo temperature which is given by
kBTK ≈
√
|E1(E1 + U)| exp
[
−1/2D
√
J2LL + J
2
RR
]
, (4.8)
where D is the density of states in the leads.38,39 This effect is usually irrelevant for even numbers of electrons in the
dot.
Recently a large Kondo effect has been observed for an even number of electrons when spin-triplet and singlet
states are degenerate.40 The energy difference between these states can be tuned by the magnetic field, as discussed
in §2. This is a situation unique to quantum dots and cannot be realized in traditional Kondo systems of magnetic
impurities in metals. We have theoretically examined this situation. We have assumed that two electrons occupy
levels E1 or E2 in Fig. 5(a), making spin-triplet or singlet states. By extending the spin-flip Hamiltonian (4.6) and
analyzing it, we have revealed an enhancement of TK due to the competition between spin-triplet and singlet states.
41
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V. TRANSPORT THROUGH DOT MOLECULES
Artificial molecules in which two quantum dots are connected in series have been fabricated on a semiconductor.2,3
The strength of the tunneling between the quantum dots can be controlled electrostatically. We examine the Coulomb
oscillation through an artificial molecule in which two equivalent quantum dots (dot 1 and dot 2) are connected in
series. A common gate is attached to the dots.
We consider the simplest case in which one level in each quantum dot is relevant for the transport. The tunneling
Hamiltonian describes the coupling between dot 1 and the left lead (V L1 ) and between dot 2 and the right lead (V
R
2 ).
The couplings are assumed to be sufficiently small, compared with the tunneling between the dots, t(< 0), which
allows the formation of molecular orbitals between the dots.21 The many-body states in the molecule are obtained
exactly, taking the intradot Coulomb interaction (U0) and interdot Coulomb interaction (U1) into consideration.
24
In the ground state for N = 1 in the molecule, an electron occupies the bonding orbital, ψB = (|1〉+ |2〉)/
√
2, where
|n〉 is the orbital in dot n. The ground state for N = 2 is a spin singlet and given by
Ψ2,1 = |1 ↑ 1 ↓〉+ |2 ↑ 2 ↓〉
+
1
4
(
U˜ +
√
U˜2 + 16
)
(|1 ↑ 2 ↓〉+ |2 ↑ 1 ↓〉) , (5.1)
apart from a normalization constant. The parameter U˜ = (U0 − U1)/|t| characterizes the strength of the correlation
effect. When U˜<∼ 1, the correlation effect is weak. In the ground state, two electrons occupy the bonding orbital (eq.
(5.1) ≈ |ψB ↑ ψB ↓〉). When U˜ ≫ 1, the strong correlation brings about the Heitler-London wavefunction of the
ground state, in which each electron is localized in a dot (eq. (5.1) ≈ |1 ↑ 2 ↓〉+ |2 ↑ 1 ↓〉).42
In Fig. 6, we present the gate voltage dependence of the linear conductance G when U0 = 2U1 and (a) |t| = 0.5U1
(U˜ = 2), (b) |t| = 0.1U1 (U˜ = 10). In case (b), the second and third peaks are suppressed at low temperatures
(kBT/U1 = 0.01, broken lines). This is due to the strong correlation effect, as explained in the following. In case (a)
of weak correlation, the second electron enters dot 1 from the left lead and occupies the bonding orbital ψB. Thus the
tunneling probability is proportional to |〈1|ψB〉|2 = 1/2. In case (b) of strong correlation, the first electron (say, with
spin ↓) has to be in dot 2 for the second electron (↑) to enter the dot 1. This probability is 1/2. Then the state is
|1 ↑ 2 ↓〉, which has the probability of 1/2 in the ground state Ψ2,1. Hence the total probability is (1/2)× (1/2) = 1/4.
The strong correlation, therefore, reduces the height of the second peak (also the third peak) by one-half.24
In the case of strong correlation, electron spins localized in the dots are coupled antiferromagnetically to each other.
If the localized spins are regarded as “qubits” for the quantum computer, the spin-singlet state Ψ2,1 is an “entangled”
state between them. The strength of the antiferromagnetic coupling can be tuned by gate voltages, magnetic or
electric fields, which is applicable to the switching of the qubit-qubit interaction.22,23
VI. CONCLUSIONS
The electronic states in quantum dots have been calculated, taking into account the electron-electron interaction
exactly. The magnetic field dependences of the ground state and low-lying excited states agree well with the experi-
mental results. The conductance peaks of the Coulomb oscillation have been examined, using the obtained many-body
states. We have proposed two mechanisms for the anomalous T dependence of some peaks. In the Coulomb blockade
region, elastic and inelastic cotunneling processes make a significant contribution to the current. The Kondo effect
may extremely enhance the cotunneling conductance. In the transport through coupled two dots, the correlation
effect influences the peak heights of the Coulomb oscillation.
The agreement between the calculated results and experimental ones will enable further research using quantum
dots for unsolved problems in solid-state physics. Among them are the many-body problems: the correlation effect
on the electronic states and on the transport properties and the Kondo effect. Under finite bias voltages, we have
only discussed the cotunneling processes to the second order of the tunneling Hamiltonian. This is an essentially
nonequilibrium problem which requires more study both theoretically and experimentally. The inelastic process results
in the dephasing of the conduction electrons.14,15 It must be necessary to control the dephasing processes, including
other mechanisms, e.g., electron-phonon interaction, for the application of quantum dots to quantum computers.
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FIG. 1. The magnetic field dependence of the one-electron energy levels, εn,m, in units of h¯ω0. In the abscissa, ωc = eH/m
∗c
is the cyclotron frequency. The radial and angular momentum quantum numbers, (n,m), are indicated.
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FIG. 2. (a) The magnetic field dependence of the addition energies, µN,1, on a quantum dot. The unit of µN,1 is h¯ω0. In
the abscissa, ωc = eH/m
∗c is the cyclotron frequency. (b) The ground-state energies for N = 4 and N = 6 as functions of
magnetic field. The total spin and total angular momentum, (S,M), are indicated for each state. [The strength of the Coulomb
interaction is e2/εl0 = h¯ω0/2.]
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FIG. 3. The magnetic field dependence of the addition energies, µN,i, for N = 2 to 5. The addition energies to the ground
state, µN,1, are represented by solid lines whereas those to excited states, µN,i (i ≥ 2), are represented by broken lines. Their
unit is h¯ω0. In the abscissa, ωc = eH/m
∗c is the cyclotron frequency. For each ground state, the electronic configuration of the
largest amplitude is shown; the lowest square represents the state (n,m) = (0, 0). For squares to the right, angular momentum
m increases to 1, 2, 3, · · · with n = 0, and so forth. For N = 3, there are two important configurations in the middle region of
the magnetic field. [The strength of the Coulomb interaction is e2/εl0 = h¯ω0.]
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FIG. 4. (a) The first to sixth peaks and (b) seventh to 12th peaks of the Coulomb oscillation, in the absence of a magnetic
field. The temperature is kBT/h¯ω0 = 0.005 (dotted lines) and 0.02 (solid lines). In (a), a small anisotropy is taken into
account (λ1 = 0.0125). The transmission amplitude, V
L/R
l , for the lower level in the second shell (for the first shell) is a
quarter (half) of V
L/R
l for the upper level in the second shell. In (b), a small anharmonicity is assumed (λ2 = 0.025). V
L/R
l
is constant for all the states l in the dot. The unit of ηeVgate (η = Cgate/Ctotal) is h¯ω0. G0 = (e
2/h¯ω0)γ
LγR/(γL + γR),
where γL/R = (2pi/h¯)DL/R|V
L/R
l |
2 (l=upper level in the second shell in (a)). [The strength of the Coulomb interaction is
e2/εl0 = h¯ω0/2.]
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FIG. 5. (a) A quantum dot with two levels, E1 and E2, and one electron in the Coulomb blockade region. ∆ = E2 − E1.
The charging energy is U . Under bias voltages V , the cotunneling current flows. (b) dI/dV curves for the cotunneling
current at kBT/∆ = 0.1 (solid line), 0.2 (broken line) and 0.3 (dotted line). The unit of dI/dV is (e
2/h)(h¯γL1 h¯γ
R
1 )/E
2
1 where
h¯γ
L/R
1 = 2piD
L/R|V
L/R
1 |
2. We assume that V
L/R
1 = V
L/R
2 , E1 + U ≫ −E1 ≫ ∆, e|V |, and that |V
L
1 /V
R
1 |
2 = 5.
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FIG. 6. The gate voltage dependence of the linear conductance G through two coupled dots. U0 = 2U1. The temperature
is kBT/U1 = 0.01 (broken lines), 0.04 (solid lines). (a) |t| = 0.5U1 (U˜ = 2) and (b) |t| = 0.1U1 (U˜ = 10). The unit of ηeVgate
(η = Cgate/Ctotal) is U1. G0 = (e
2/U1)γ
LγR/(γL + γR), where γL = (2pi/h¯)DL
∣∣V L1 ∣∣2 and γR = (2pi/h¯)DR ∣∣V R2 ∣∣2.
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